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DISJOINT HYPERCYCLICITY OF WEIGHTED
TRANSLATIONS
YU-XIA LIANG AND ZE-HUA ZHOU∗
Abstract. Given a locally compact group G and 1 ≤ p < ∞, a sufficient
condition ensuring the disjoint hypercyclicity of finitely many weighted trans-
lations on Lp(G) was investigated in this paper.
1. Introduction and preliminaries
Let L(X) denote the space of all linear and continuous operators on a separable,
infinite dimensional Banach space X . A continuous linear operator T ∈ L(X) is
called hypercyclic if there is an f ∈ X such that the orbit
Orb(T, f) = {f, Tf, T 2f, · · · , T nf, · · · }
is dense in X , and in this case we refer to f as a hypercyclic vector for T .
Moreover, for each pair U, V of nonempty open subsets of X , if there exists
m ∈ N such that TmU ∩ V 6= ∅, then T is called topologically transitive. An
operator T ∈ L(X) is hypercyclic if and only if T is topologically transitive. For
motivation, examples and background about linear dynamics we refer the readers
to the books [2] by Bayart and Matheron, [9] by Grosse-Erdmann and Peris.
As in the papers [5, 7], let G be a locally compact group with identity e and a
right-invariant Haar measure λ. Here we assume that G is second countable and
denote by Lp(G) for 1 ≤ p <∞ the complex Lebesgue space with respect to λ. A
bounded continuous function w : G→ (0,∞) is called a weight on G. For a ∈ G,
let δa be the unit point mass at a. We define a weighted translation on G (that
is, a weighted convolution operator) Ta,w : L
p(G)→ Lp(G) by
Ta,wf = wTa(f), f ∈ L
p(G),
where w is a weight on G and Ta(f) = f ∗ δa ∈ L
p(G) is the convolution:
(f ∗ δa)(x) :=
∫
G
f(xy−1)dδa(y) = f(xa
−1), x ∈ G,
which is the right translation of f by a−1. Furthermore, we denote (f ∗ δsa)(x) =
f(xa−s), x ∈ G. It follows
Ta,wf(x) = w(x)f(xa
−1), f ∈ Lp(G), x ∈ G.
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Given a compact subgroup H of G, the right coset space G/H admits a G-
invariant measure ν = λ ◦ q−1, where q : G→ G/H is the quotient map. Convo-
lution operators on the space Lp(G/H) with respect to ν can be lifted naturally
to Lp(G) (see [8, p 77]). Hence all the following results in this paper for Lp(G)
can be extended naturally to Lp(G/H). Without loss of generality, here we will
confine our discussion to Lp(G).
It is clear that a translation operator Ta is never hypercyclic since ‖Ta‖ ≤ 1.
However, a weighted translation operator Ta,w can be hypercyclic. An element a in
a group G is said to be a torsion element if it is of finite order, that is, there is an
order d ∈ N such that ad = e. In a locally compact group G, an element a ∈ G
is called periodic [10] if the closed subgroup G(a) generated by a is compact.
An element a ∈ G is said to be aperiodic if it is not periodic. For discrete
groups, periodic and torsion elements are identical, thus aperiodic elements are
non-torsion elements, however, the converse is not true. For instance, the circle
group T = {z ∈ C : |z| = 1} is compact and thus all elements in T are periodic,
but an element eiθ ∈ T is non-torsion if θ/2π is irrational. As regards to the
aperiodic element a in a locally compact group G, we have the following lemma.
Lemma 1.1. [7, Lemma 2.1] An element a in a second countable group G is
aperiodic if and only if for each compact subset K ⊂ G, there exists N ∈ N such
that K ∩Kan = ∅ for n > N.
Recently, Chen [5] gave a complete characterization for the hypercyclic weighted
translations generated by non-torsion elements; we include the theorem below for
the convenience of the readers.
Theorem A [5, Theorem 2.1] Let G be a locally compact group, and let a be a
non-torsion element in G. Let 1 ≤ p <∞ and Ta,w be a weighted translation on
Lp(G). The following conditions are equivalent:
(i) Ta,w is hypercyclic.
(ii) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of Borel
sets (Ek) in K such that λ(K) = lim
k→∞
λ(Ek) and both sequences
ϕn :=
n∏
s=1
w ∗ δsa−1 and ϕ˜n :=
(
n−1∏
s=0
w ∗ δsa
)−1
admit respectively subsequences (ϕnk) and (ϕ˜nk) satisfying
lim
k→∞
‖ϕnk
∣∣∣
Ek
‖∞ = lim
k→∞
‖ϕ˜nk
∣∣∣
Ek
‖∞ = 0.
Here we note ‖f‖∞ ≡ inf{C ≥ 0 : |f(x)| ≤ C for almost every x}. In the sequel,
we define a self-map Sa,w on the subspace L
p
c(G) of functions in L
p(G) with
compact support by
Sa,w (h) =
h
w
∗ δa−1 , h ∈ L
p
c(G).
It’s easy to show that Ta,wSa,wh = h for h ∈ L
p
c(G).
In 2009, Chen and Chu characterized the hypercyclic weighted translations by
aperiodic elements in coset spaces of discrete groups in [6], which was extended
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to all non-discrete coset spaces in [7]. At the same time, the conditions for a
weighted translation on Lp(G) to be chaotic were obtained too. After that, in
2013, Chen generalized the results in [7] to weighted translations, generated by
non-torsion elements in [5] (see Theorem A). Inspired by the above work, we
are interested in this paper in characterizing d-hypercyclicity (see Section 2) of
N ≥ 2 weighted translations acting on Lp(G). To be precise, given N ≥ 2
bounded continuous functions wi : G → (0,∞) and N weighted translations
Ta,w1 , · · · , Ta,wN on L
p(G) were defined as
Ta,wi(f)(x) = wi(x)f(xa
−1), f ∈ Lp(G) and x ∈ G, for i = 1, · · · , N.
Based on the above foundations, we will extend the previous result from a
single weighted translation to N ≥ 2 weighted translations acting on Lp(G).
This paper is organized as follows: some basic definitions and propositions are
given in section 2; While section 3 is devoted to the main statements.
2. Auxiliary results
In this section, we list some auxiliary results which will be used later.
Definition 2.1. [14, Definition 1.3.1] We say that N ≥ 2 hypercyclic operators
T1, ..., TN in L(X) are disjoint hypercyclic or d-hypercyclic provided that there is
some f ∈ X such that the vector (f, ..., f) ∈ XN is hypercyclic for the direct
sum operator ⊕Ni=1Ti acting on the space X
N = X × · · · ×X , endowed with the
product topology.
It is well-known that two d-hypercyclic operators must be substantially differ-
ent (see, e.g. [4]). For instance, an operator can not be d-hypercyclic with a scalar
multiple of itself. For recent related results on disjointness in hypercyclicity, see,
e.g.[1, 3, 4, 11, 13] and their references therein.
The following Disjoint-Hypercyclicity Criterion (or d-Hypercyclicity Criterion
for short) is an extension of the Hypercyclicity Criterion (see, e.g. [12]), which is
a sufficient condition ensuring the d-hypercyclicity of finitely many hypercyclic
operators.
Definition 2.2. [4, Definition 2.5] Let (nk) be an increasing sequence of pos-
itive integers. We say that N ≥ 2 operators T1, · · · , TN in L(X) satisfy the
d-Hypercyclicity Criterion with respect to (nk) provided that there exist dense
subsets X0, · · · , XN of X and mappings Sl,k : Xl → X (k ∈ N, 1 ≤ l ≤ N)
satisfying
(i) T nkl →
k→∞
0 pointwise on X0,
(ii) Sl,k →
k→∞
0 pointwise on Xl, and
(iii) (T nkl Si,k − δi,lIdXl) →
k→∞
0 pointwise on Xl (1 ≤ i ≤ N).
In general, we say that T1, · · · , TN satisfy the d-Hypercyclicity Criterion if there
exists some increasing sequence of positive integers (nk) for which the above
conditions are satisfied.
If X is a Fre´chet (therefore, a Baire) space, we have the following proposition.
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Proposition 2.3. [14, Proposition 1.3.7] Let N ≥ 2 and T1, ..., TN ∈ L(X) satisfy
the d-Hypercyclicity Criterion. Then the set of d-hypercyclic vectors for T1, ..., TN
is a dense Gδ set of X.
Analogously to the topologically transitive, the d-topologically transitive for
operators T1, · · · , TN is defined as below.
Definition 2.4. [4, Definition 2.1] We say that N ≥ 2 operators T1, · · · , TN in
L(X) are d-topologically transitive provided for every non-empty open subsets
V0, · · · , VN of X there exists m ∈ N such that
V0 ∩ T
−m
1 (V1) ∩ · · · ∩ T
−m
N (VN) 6= ∅.
Concerning the relationship between d-topologically transitive and d-hypercyclic,
it follows a proposition.
Proposition 2.5. [4, proposition 2.3] Let T1, · · · , TN in L(X). Then the following
are equivalent:
(a) T1, · · · , TN are d-topologically transitive,
(b) the set of d-hypercyclic vectors for T1, · · · , TN is a dense Gδ subset of X.
3. Main result
For 1 ≤ p < ∞, we will find an equivalent condition to characterize finite
set of weighted translations Ta,w1 , · · · , Ta,wN on L
p(G) sharing a dense Gδ set
of d-hypercyclic vectors. Of course, our theorem provides a sufficient condition
for d-hypercyclicity. For different type descriptions for d-hypercyclicity and d-
supercyclicity of weighted translations on Lp(G), the interested readers can refer
to our recent papers [11, 13].
Theorem 3.1. Let G be a second countable locally compact group and a be an
aperiodic element in G. Let 1 ≤ p <∞ and Ta,w1 , · · · , Ta,wN be N ≥ 2 hypercyclic
weighted translations on Lp(G), where wi is a weight on G for i = 1, · · · , N . Then
the following statements are equivalent:
(1) Ta,w1, · · · , Ta,wN have a dense Gδ set of d-hypercyclic vectors.
(2) For each compact subset K ⊂ G with λ(K) > 0, there is a sequence of
Borel sets (Ek) in K such that λ(K) = lim
k→∞
λ(Ek), and there exists an increasing
subsequence (nk) ⊂ N satisfying
if 1 ≤ l ≤ N,


(i) lim
k→∞
∥∥∥∥∏nks=1wl ∗ δsa−1∣∣∣
Ek
∥∥∥∥
∞
= 0,
(ii) lim
k→∞
∥∥∥∥(∏nk−1s=0 wl ∗ δsa)−1 ∣∣∣
Ek
∥∥∥∥
∞
= 0,
(3.1)
if 1 ≤ l, j ≤ N with l 6= j, lim
k→∞
∥∥∥∥∥
(
nk−1∏
s=0
wj ∗ δ
s
a(x)
wl ∗ δsa(x)
) ∣∣∣
Ek
∥∥∥∥∥
∞
= 0. (3.2)
Either the condition in (1) or (2) holds, Ta,w1 , · · · , Ta,wN are d-hypercyclic.
Proof. By Lemma 1.1, since a is an aperiodic element in G, there exists M ∈ N
such that K ∩Ka±n = ∅ for n > M.
DISJOINTNESS 5
(2)⇒ (1). Suppose that (2) holds, we will show that the weighted translations
Ta,w1 , · · · , Ta,wN are d-topologically transitive, that is, they satisfy the Definition
2.4. Let V0, V1 · · · , VN be non-empty open subsets of L
p(G). Since the space Cc(G)
of continuous functions on G with compact support is dense in Lp(G), then there
exist f, f1, · · · , fN ∈ Cc(G) satisfying f ∈ V0, f1 ∈ V1, · · · , fN ∈ VN . Let K be
the union of the compact supports of f, f1, · · · , fN and let χK ∈ L
p(G) be the
characteristic function of K. Suppose that (Ek)k is a sequence of Borel sets in K
satisfying λ(K) = lim
k→∞
λ(Ek). Let ǫ > 0 such that every open L
p(G)-ball B(fj, ǫ)
is contained in Vj for j = 0, 1, · · · , N . By conditions in (2), there exists m ∈ N
such that k > m and nk > M , it holds that for 1 ≤ l ≤ N ,
nk∏
s=1
wl ∗ δ
s
a−1(x)
p <
ǫ
3‖f‖pp
,
nk−1∏
s=0
wl ∗ δ
s
a(x)
−p <
ǫ
3N‖fl‖
p
p
on Ek; (3.3)
λ(K \ Ek) <
ǫ
3max{‖f‖p∞, ‖f1‖
p
∞, · · · , ‖fN‖
p
∞}
, (3.4)
and for 1 ≤ l, j ≤ N with l 6= j,
(
nk−1∏
s=0
wj ∗ δ
s
a(x)
wl ∗ δsa(x)
)p
<
ǫ
3N‖fl‖
p
p
on Ek. (3.5)
By the first inequality in (3.3) it follows for every 1 ≤ l ≤ N that
‖T nka,wl(fχEk)‖
p
p =
∫
G
|T nka,wl(fχEk)(x)|
pdλ(x)
=
∫
Eka
nk
|wl(x)wl(xa
−1) · · ·wl(xa
−(nk−1))|p|f(xa−nk)|pdλ(x)
=
∫
Ek
|wl(xa
nk)wl(xa
nk−1) · · ·wl(xa)|
p|f(x)|pdλ(x)
=
∫
Ek
∣∣∣∣∣
nk∏
s=1
wl ∗ δ
s
a−1(x)
∣∣∣∣∣
p
|f(x)|pdλ(x) <
ǫ
3
, (3.6)
for all k > m. For each 1 ≤ l ≤ N , we define the self-map Sa,wl on the subspace
Lpc(G) of functions in L
p(G) with compact support by
Sa,wl(h) =
h
wl
∗ δa−1 .
And let Snka,wl = Sa,wl ◦ · · · ◦ Sa,wl︸ ︷︷ ︸
nk
. It is obvious that
T nka,wlS
nk
a,wl
(h) = h.
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Then by the second inequality in (3.3), it turns out that
‖Snka,wl(flχEk)‖
p
p =
∫
G
|Snka,wl(flχEk)(x)|dλ(x)
=
∫
Eka
−nk
1
|wl(xa)wl(xa2) · · ·wl(xank)|p
|fl(xa
nk)|pdλ(x)
=
∫
Ek
1
|wl(xa1−nk)wl(xa2−nk) · · ·wl(x)|p
|fl(x)|
pdλ(x)
=
∫
Ek
∣∣∣∣∣
nk−1∏
s=0
wl ∗ δ
s
a(x)
∣∣∣∣∣
−p
|fl(x)|
pdλ(x) <
ǫ
3N
, (3.7)
for 1 ≤ l ≤ N and k > m. When 1 ≤ j 6= l ≤ N , by (3.5) we have that
‖T nka,wjS
nk
a,wl
(flχEk)‖
p
p =
∫
G
|T nka,wjS
nk
a,wl
(flχEk)(x)|
pdλ(x)
=
∫
G
∣∣∣∣T nka,wj flχEk(xank)wl(xa)wl(xa2) · · ·wl(xank)
∣∣∣∣p dλ(x) (3.8)
=
∫
G
∣∣∣∣wj(x)wj(xa−1) · · ·wj(xa1−nk)flχEk(x)wl(xa1−nk)wl(xa2−nk) · · ·wl(x)
∣∣∣∣p dλ(x)
=
∫
G
∣∣∣∣wj(x)wj(xa−1) · · ·wj(xa1−nk)wl(x)wl(xa−1) · · ·wl(xa1−nk)
∣∣∣∣p |flχEk(x)|pdλ(x)
=
∫
Ek
∣∣∣∣∣
nk−1∏
s=0
wj ∗ δ
s
a(x)
wl ∗ δsa(x)
∣∣∣∣∣
p
|fl(x)|
pdλ(x) <
ǫ
3N
, (3.9)
for k > m. For each k ∈ N, let
uk = fχEk +
N∑
l=1
Snka,wl(flχEk) ∈ L
p(G).
For k > m, we combine the displays (3.4) and (3.7) to deduce that
‖uk − f‖
p
p ≤ ‖f‖
p
∞λ(K \ Ek) +
N∑
l=1
‖Snka,wl(flχEk)‖
p
p
<
ǫ
3
+
Nǫ
3N
< ǫ.
And then employing (3.6), (3.4) and (3.9), we obtain that
‖T nka,wjuk − fj‖
p
p = ‖T
nk
a,wj
(fχEk +
N∑
l=1
Snka,wl(flχEk))− fj‖
p
p
≤ ‖T nka,wj(fχEk)‖
p
p + ‖fj‖
p
∞λ(K \ Ek) +
∑
l 6=j
‖T nka,wjS
nk
a,wl
(flχEk)‖
p
p
<
ǫ
3
+
ǫ
3
+
(N − 1)ǫ
3N
< ǫ.
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That is,
uk ∈ V0 ∩ T
−nk
a,w1
(V1) ∩ · · ·T
−nk
a,wN
(VN) 6= ∅,
for k > m. Hence Ta,w1 , · · · , Ta,wN satisfy Definition 2.4. Further by Proposition
2.5, we obtain (1).
(1) ⇒ (2). Suppose that Ta,w1, · · · , Ta,wN have a dense Gδ set of d-hypercyclic
vectors. Let K ⊂ G be a compact set with λ(K) > 0 and χK ∈ L
p(G) be
the characteristic function of K. Let ǫ > 0 and choose η ∈ (0, 1) satisfying
0 < η
1−η
< ǫ. By the density of d-hypercyclic vectors, there exist f ∈ Lp(G) and
some integer m > M such that
‖f − χK‖p < η
2, (3.10)
‖Tma,wlf − χK‖p < η
2, 1 ≤ l ≤ N. (3.11)
On the one hand, denote the set
Aη = {x ∈ K : |f(x)− 1| ≥ η}.
Then by (3.10)
η2p > ‖f − χK‖
p
p ≥
∫
Aη
|f(x)− 1|pdλ(x) ≥ ηpλ(Aη),
from which we get λ(Aη) < η
p, and it holds
|f(x)| > 1− η, for x ∈ K \ Aη. (3.12)
On the other hand, denote the set
Bη = {x ∈ G \K : |f(x)| ≥ η}.
Analogously, it follows that
η2p > ‖f − χK‖
p
p ≥
∫
G\K
|f(x)− χK(x)|
pdλ(x) ≥
∫
Bη
|f(x)|pdλ(x) ≥ ηpλ(Bη),
which implies that λ(Bη) < η
p, and it is true that
|f(x)| < η, for x ∈ (G \K) \Bη. (3.13)
Denote
Cl,m,η = {x ∈ K :
∣∣∣∣∣
m−1∏
s=0
wl ∗ δ
s
a(x)f(xa
−m)− 1
∣∣∣∣∣ ≥ η}
for 1 ≤ l ≤ N. Then by (3.11) we get that
η2p > ‖Tma,wlf − χK‖
p
p
≥
∫
Cl,m,η
|wl(x)wl(xa
−1) · · ·wl(xa
−(m−1))f(xa−m)− 1|pdλ(x)
≥ ηpλ(Cl,m,η).
Therefore, λ(Cl,m,η) < η
p for 1 ≤ l ≤ N, and it is trivial that∣∣∣∣∣
m−1∏
s=0
wl ∗ δ
s
a(x)f(xa
−m)
∣∣∣∣∣ > 1− η, x ∈ K \ Cl,m,η, for 1 ≤ l ≤ N. (3.14)
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Since a is an aperiodic element in G and m > M, we have K ∩Ka−m = ∅, and
so we obtain for 1 ≤ l ≤ N that(
m−1∏
s=0
wl ∗ δ
s
a(x)
)−1
<
|f(xa−m)|
1− η
<
η
1− η
< ǫ, x ∈ K \ (amBη ∪ Cl,m,η). (3.15)
Let
Dl,m,η = {x ∈ K :
∣∣∣∣∣
m∏
s=1
wl ∗ δ
s
a−1(x)f(x)
∣∣∣∣∣ ≥ η}
for 1 ≤ l ≤ N. By (3.11), the right-invariance of the Haar measure λ and the fact
K ∩Kam = ∅, we infer that
η2p > ‖Tma,wlf − χK‖
p
p
=
∫
G
|wl(x)wl(xa
−1) · · ·wl(xa
−(m−1))f(xa−m)− χK(x)|
pdλ(x)
=
∫
G
|wl(xa
m)wl(xa
m−1) · · ·wl(xa)f(x)− χK(xa
m)|pdλ(x)
≥
∫
Dl,m,η
|wl(xa
m)wl(xa
m−1) · · ·wl(xa)f(x)|
pdλ(x)
≥ ηpλ(Dl,mη),
from which it follows that λ(Dl,mη) < η
p for 1 ≤ l ≤ N and it holds that
m∏
s=1
wl ∗ δ
s
a−1(x) <
η
|f(x)|
<
η
1− η
< ǫ, x ∈ K \ (Aη ∪Dl,m,η), 1 ≤ l ≤ N.(3.16)
Let the sets
Fl,m,η = {x ∈ G \K :
∣∣∣∣∣
m−1∏
s=0
wl ∗ δ
s
a(x)f(xa
−m)
∣∣∣∣∣ ≥ η}
for 1 ≤ l ≤ N. By (3.11) it is clear that
η2p > ‖Tma,wlf − χK‖
p
p ≥
∫
G\K
|wl(x)wl(xa
−1) · · ·wl(xa
−(m−1))f(xa−m)|pdλ(x)
≥
∫
Fl,m,η
|wl(x)wl(xa
−1) · · ·wl(xa
−(m−1))f(xa−m)|pdλ(x) ≥ ηpλ(Fl,m,η),
and from above it follows that λ(Fl,m,η) < η
p for 1 ≤ l ≤ N .
For x ∈ K \ (Cl,m,η ∪Fj,m,η), where l 6= j, by the definition of Fj,m,η we get that
|wj(x)wj(xa
−1) · · ·wj(xa
−(m−1))f(xa−m)| < η, 1 ≤ j ≤ N.
Further by (3.14), for 1 ≤ l, j ≤ N with l 6= j, it follows that
m−1∏
s=0
wj ∗ δ
s
a(x)
wl ∗ δsa(x)
=
wj(x)wj(xa
−1) · · ·wj(xa
−(m−1))f(xa−m)
wl(x)wl(xa−1) · · ·wl(xa−(m−1))f(xa−m)
<
η
1− η
< ǫ. (3.17)
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Denote the sets
Cm,η = ∪
N
l=1Cl,m,η, Dm,η = ∪
N
l=1Dl,m,η and Fm,η = ∪
N
l=1Fl,m,η.
Further denote Hm,η = Cm,η ∪ Dm,η ∪ Fm,η. It is trivial that λ(Hm,η) ≤ 3Nη
p.
Now let
Em,η = K \ (Aη ∪ a
mBη ∪Hm,η)
with λ(Aη ∪ a
mBη ∪ Hm,η) < (2 + 3N)η
p < (2 + 3N)ǫp, Hence for x ∈ Em,η, by
(3.16), (3.15) and (3.17) we respectively get that
m∏
s=1
wl ∗ δ
s
a−1(x) < ǫ,
(
m−1∏
s=0
wl ∗ δ
s
a(x)
)−1
< ǫ,
m−1∏
s=0
wj ∗ δ
s
a(x)
wl ∗ δsa(x)
< ǫ (j 6= l).
Thus for k = 1, 2, · · · , the above inequalities enable us to construct a Borel set
Ek ⊂ K and find an increasing sequence (nk) ⊂ N such that λ(K\Ek) ≤ C(1/k)
p,
C independent of k, and
if 1 ≤ l ≤ N,
∥∥∥∥∥
nk∏
s=1
wl ∗ δ
s
a−1
∣∣∣
Ek
∥∥∥∥∥
∞
< ǫ,
∥∥∥∥∥∥
(
nk−1∏
s=0
wl ∗ δ
s
a
)−1 ∣∣∣
Ek
∥∥∥∥∥∥
∞
< ǫ,
if 1 ≤ l, j ≤ N with l 6= j,
∥∥∥∥∥
(
nk−1∏
s=0
wj ∗ δ
s
a(x)
wl ∗ δsa(x)
) ∣∣∣
Ek
∥∥∥∥∥
∞
< ǫ.
That means the result (2) holds. Besides, under either the condition in (1) or (2),
we can conclude Ta,w1, · · · , Ta,wN are d-hypercyclic. This completes the proof. 
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